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Abstract
The phenomenological model that all quark and lepton mass matrices have
the same zero texture, namely their (1,1), (1,3) and (3,1) components are
zeros, is discussed in the context of SO(10) Grand Unified Theories (GUTs).
The mass matrices of type I for quarks are consistent with the experimental
data in the quark sector. For the lepton sector, consistent fitting to the data
of neutrino oscillation experiments force us to use the mass matrix for the
charged leptons which is slightly deviated from type I. Given quark masses
and charged lepton masses, the model includes 19 free parameters, whereas the
SO(10) GUTs gives 16 constrained equations. Changing the remaining three
parameters freely, we can fit all the entries of the CKM quark mixing matrix
and the MNS lepton mixing matrix, and three neutrino masses consistently
with the present experimental data.
PACS number(s): 12.15.Ff, 14.60.Pq, 14.65.-q, 12.10.-g
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I. INTRODUCTION
The Downward and upward discrepancy in the atmospheric neutrino deficit in Super
Kamiokande [1] together with other neutrino oscillation experiments such as solar neutrino
[2], reactor [3] and accelerator [4] experiments drives us to the definite conclusion that neu-
trinos have masses. These experiments enable us to get a glimpse of high energy physics
beyond the Standard Model. In these situations our strategy is as follows. First, we search
for the most suitable phenomenological quark and lepton mass matrices which satisfies mis-
cellaneous experiments in the hadron and electro-weak interactions. Next, in order to search
for its uniqueness and for its physical implications, such mass matrices are incorporated into
the Grand Unified Theories (GUTs). Of course phenomenological mass matrices and GUTs
are closely correlated and the real model building is performed going back and forth between
these two approaches. Indeed, we consider the seesaw mechanism in neutrino mass matrix
[5], which supports minimally SO(10) GUTs. Conversely SO(10) GUTs prefer the mass
matrices reflecting some similarity in the quark and lepton sectors. In the seminal work of
phenomenological quark mass matrix models [6], Fritzsch proposed a symmetric or hermi-
tian matrices later called a six texture zero model which has vanishing (1,1), (1,3), (3,1)
and (2,2) components in both the mass matrices, Mu for up-type quarks (u, c, t) and Md for
down-type quarks (d, s, b). Here n texture zero means that two types of quark mass matrices
have totally n zeros in the upper half of hermitian mass matrices, in this case (1,1), (1,3)
and (2,2) in each mass matrix. However, this model failed to predict a large top quark mass.
Symmetric or hermitian six and five texture zero models were systematically discussed by
Ramond et.al. [7]. They found that the hermitian Mu and Md compatible with experiments
can have at most five texture zero. Before the work of Ramond et.al. nonsymmetric or non-
hermitian six texture zero quark mass matrices model (nearest-neighber interaction (NNI)
model) was proposed by Branco-Lavoura-Mota [8], and Takasugi showed that, by rebasing
and rephasing of weak bases, always one of Mu and Md can have the symmetric Fritzsch
form and the other does NNI form [9]. Demanding to deal with the quark and lepton mass
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matrices on the same footing, we have proposed a four texture zero model [10], in which
all the quark and lepton mass matrices, Mu,Md,Me and Mν are hermitian and have the
same textures. Here Mν and Me are mass matrices of neutrinos (νe, νµ, ντ ) and charged
leptons (e, µ, τ), respectively. Namely their (1,1), (1,3) and (3,1) components are zeros and
the others are nonzero valued. This model was also discussed by Du and Xing [11], by
Fritzsch and Xing [12], by Kang and Kang [13], by Kang, Kang, Kim, and Kim [14], and by
Chkareuli and Froggatt [15], mainly in the quark sector. This model is compatible with the
large top quark mass, the small quark mixing angles, and the large νµ-ντ neutrino mixing
angles via the seesaw mechanism. In this article, we discuss the above four texture zero
model embedding in the SO(10) GUTs. The SO(10) GUTs impose some further constraints
on the mass matrices. Using those constraints we predict all the entries of the lepton mixing
matrix and neutrino masses, which are consistent with the experimental data, in terms of
three free parameters left in the model.
This article is organized as follows. In section 2 we review four texture zero model. In
section 3 we present a mass matrix model motivated by SO(10) GUTs . This model is
combined with the four texture zero ansatzae in section 4. Section 5 is devoted to summary.
II. FOUR TEXTURE ZERO QUARK-LEPTON MASS MATRICES
Phenomenological quark mass matrices have been discussed from various points of view
[16]. In this section we review our quark and lepton mass matrix model [10]. The mass term
in the Lagrangian is given by
LM = −quR,iMuijquL,j − qdR,iMdijqdL,j − lR,iMeijlL,j − ν ′R,iMDijνL,j
−1
2
(νL,i)cMLijνL,j − 1
2
(ν ′R,i)
cMRijν
′
R,j +H.c. (1)
with
3
quL,R =


u
c
t


L,R
, qdL,R =


d
s
b


L,R
, lL,R =


e
µ
τ


L,R
, νL =


νe
νµ
ντ


L
, ν ′R =


ν ′e
ν ′µ
ν ′τ


R
,
(2)
where Mu, Md, Me, MD, ML, and MR are the mass matrices for up quarks, down quarks,
charged leptons, Dirac neutrinos, left-handed Majorana neutrinos, and right-handed Ma-
jorana neutrinos, respectively. The mass matrix of light Majorana neutrinos Mν is given
by
Mν =ML −MTDM−1R MD, (3)
which is constructed via the seesaw mechanism [5] from the block-diagonalization of neutrino
mass matrix,

 ML M
T
D
MD MR

 . (4)
We put a ansatz that the mass matrices Mu,Md,Me and Mν are hermitian and have
the same textures. Our model is different from the Fritzsch model in the sense that (2,2)
components are not zeros and that our model deals with the quark and lepton mass matrices
on the same footing. The mass matrices MD, ML, and MR are, furthermore, assumed to
have the same zero texture asMν . This ansatz restricts the texture forms [10] and we choose
the following our texture because it is most closely related with the NNI form [8].
NNI :


0 ∗ 0
∗ 0 ∗
0 ∗ ∗


, Our Texture :


0 ∗ 0
∗ ∗ ∗
0 ∗ ∗


. (5)
The nonvanishing (2,2) component distinguishes our form from NNI’s. Thus the quark and
lepton mass matrices are described as follows.
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Mu =


0 Au 0
Au Bu Cu
0 Cu Du


,
Md = Pd


0 Ad 0
Ad Bd Cd
0 Cd Dd


P †d =


0 Ade
iα12 0
Ade
−iα12 Bd Cde
iα23
0 Cde
−iα23 Dd


,
Me = Pe


0 Ae 0
Ae Be Ce
0 Ce De


P †e =


0 Aee
iβ12 0
Aee
−iβ12 Be Cee
iβ23
0 Cee
−iβ23 De


, (6)
Mν =


0 Aν 0
Aν Bν Cν
0 Cν Dν


,
where Pd ≡ diag(eiα1 , eiα2 , eiα3), αij ≡ αi − αj , and Pe ≡ diag(eiβ1 , eiβ2, eiβ3), βij ≡ βi − βj .
Let us discuss the relations between the following texture’s components of mass matrix
M :
M =


0 A 0
A B C
0 C D


(7)
and its eigenmass mi. They satisfy
B +D = m1 +m2 +m3,
BD − C2 − A2 = m1m2 +m2m3 +m3m1,
DA2 = −m1m2m3. (8)
Therefore, the mass matrix is classified into two types by choosing B and D as follows:
[type I] B = m2, D = m3 +m1
[type II] B = m1, D = m3 +m2 (9)
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In the previous paper [10] we showed that type I is compatible with the experimental data
both for the quark and lepton mass matrices. So, we concentrate ourselves on the type I
case.
In the type I case (B = m2, D = m3 +m1), the other A and C take the following value
from Eq.(8)
A =
√
(−m1)m2m3
m3 +m1
, C =
√
(−m1)m3(m3 −m2 +m1)
m3 +m1
. (10)
Transforming m1 into −m1 by rephasing, the mass matrix M becomes
M =


0
√
m1m2m3
m3−m1
0√
m1m2m3
m3−m1
m2
√
m1m3(m3−m2−m1)
m3−m1
0
√
m1m3(m3−m2−m1)
m3−m1
m3 −m1


≃


0
√
m1m2 0
√
m1m2 m2
√
m1m3
0
√
m1m3 m3 −m1


.
(for m3 ≫ m2 ≫ m1). (11)
The orthogonal matrix O which diagonalize M in Eq.(11) as
OT


0
√
m1m2 0
√
m1m2 m2
√
m1m3
0
√
m1m3 m3 −m1


O =


−m1 0 0
0 m2 0
0 0 m3


, (12)
is given by
O =


√
m2m
2
3
(m2+m1)(m23−m
2
1)
√
m1m3(m3−m2−m1)
(m2+m1)(m3−m2)(m3−m1)
√
m21m2
(m3−m2)(m23−m
2
1)
−√ m1m3
(m2+m1)(m3+m1)
√
m2(m3−m2−m1)
(m2+m1)(m3−m2)
√
m1m3
(m3−m2)(m3+m1)√
m12(m3−m2−m1)
(m2+m1)(m23−m
2
2)
−√ m1m2m3
(m3−m2)(m2+m1)(m3−m1)
√
(m3)2(m3−m2−m1)
(m23−m
2
2)(m3−m2)


≃


1
√
m1
m2
√
m1m
2
2
m3
3
−
√
m1
m2
1
√
m1
m3√
m21
m2m3
−
√
m1
m3
1


(for m3 ≫ m2 ≫ m1). (13)
The mass matrices for quarks and charged leptons, Md, Mu, and Me are considered to be of
this type I and are given by
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Md ≃ Pd


0
√
mdms 0
√
mdms ms
√
mdmb
0
√
mdmb mb −md


P †d , Mu ≃


0
√
mumc 0
√
mumc mc
√
mumt
0
√
mumt mt −mu


,
Me ≃ Pe


0
√
memµ 0
√
memµ mµ
√
memτ
0
√
memτ mτ −me


P †e . (14)
Those Md, Mu, and Me are, respectively, diagonalized by matrices PdOd, Ou, and PeOe.
Here the orthogonal matrices Od, Ou and Oe which diagonalize P
†
dMdPd, Mu, and P
†
eMePe
are obtained from Eq. (13) by replacing m1, m2, m3 by md, ms, mb , by mu, mc, mt, and
by me, mµ, mτ , respectively. In this case, the Cabibbo-Kobayashi-Maskawa (CKM) quark
mixing matrix V can be written as
V = P−1q P
−1
d O
T
uPdOdPq ≃


|V11| |V12| |V13|e−iφ
−|V12| |V22| |V23|
|V12V23| − |V13|eiφ −|V23| |V33|


. (15)
where the P−1d factor is included to put V in the form with diagonal elements real to
a good approximation. Furthermore, the P−1q and Pq = diag(e
iφ1 , eiφ2 , eiφ3) with φ1 −
φ2 = arg(P
−1
d O
T
uPdOd)12 and φ1 − φ3 = arg(P−1d OTuPdOd)23 come from the choice of phase
convention as Eq. (15). The explicit forms of the components of V are obtained [10] as
|V12| ≃
∣∣∣∣∣
√
md
ms
−
√
mu
mc
e−iα12
∣∣∣∣∣ ,
|V23| ≃
∣∣∣∣∣
√
md
mb
−
√
mu
mt
e−iα23
∣∣∣∣∣ ,
|V13| ≃
∣∣∣∣∣∣
√√√√m2dms
m3b
−
√
mu
mc
(√
md
mb
−
√
mu
mt
e−iα23
)
e−iα12
∣∣∣∣∣∣
cosφ ≃ |V12|
2 +mu/mc −md/ms
2|V12|
√
mu/mc
. (16)
The lepton mixing matrix U [hereafter we call it the Maki-Nakagawa-Sakata (MNS)
mixing matrix [17]], is given by
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U = P †eO
T
e PeOν =


U11 U12 U13
U21 U22 U23
U31 U32 U33


, (17)
where the P †e factor is included to put U in the form with diagonal elements real to a good
approximation. Here the Oν is the orthogonal matrix which diagonalizes the light Majorana
neutrino mass matrices Mν given by Eq.(3).
III. MASS MATRICES IN THE CONTEXT OF SO(10) GUTS
Even if we succeeded in constructing the quark mass matricesMu andMd consistent with
experiments, we have infinitely many mass matrices equivalent to the Mu and Md which are
defined as
M ′u = F
†MuGu M
′
d = F
†MdGd, (18)
with arbitrary unitary matrices F , Gu, and Gd in the standard SUL(2)×UY (1) model, and
with Gu = Gd in the SUL(2)×SUR(2)×UY (1) model. The fact that quark and lepton mass
matrices have the same form strongly suggests that the quarks and leptons belong to the
same multiplets. So in this section we try to incorporate our mass matrix in the context of
SO(10) GUTs. We consider two SO(10) symmetry breaking patterns.
(i) SO(10)→ SU(4)× SUL(2)× SUR(2)→ SUc(3)× SUL(2)× SUR(2)× U(1)→ Gs,
(ii) SO(10)→ SU(5)→ Gs, (19)
where Gs = SUc(3)× SUL(2)× U(1).
A. The case of SO(10) breaking down to SU(4)× SUL(2)× SUR(2)
Here we consider the charge-conjugation-conserving (CCC) version [18] [19] [20] of the
SO(10) model in which Left-Right discrete (not manifest) symmetry is imposed.
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In the SO(10) model [21] [22] [23], the left- (right-) handed fermions ψL(R)i in a given i-th
generation are assigned to a single irreducible 16. Since 16× 16 = 10S + 120A+ 126S, the
fermion masses are generated when the Higgs fields of 10, and 120, and 126 dimensional
SO(10) representation (denoted by φ10, φ120, and φ126, respectively) develop nonvanishing
expectation values. Their decomposition under SU(4)× SUL(2)× SUR(2) are given by
10 = (6, 1, 1) + (1, 2, 2),
120 = (15, 2, 2) + (6, 3, 1) + (6, 1, 3) + (1, 2, 2) + (20, 1, 1), (20)
126 = (10, 3, 1) + (10, 1, 3) + (15, 2, 2) + (6, 1, 1).
On the other hand, the fermion field of 16-dimensinal SO(10) representation is decomposed
as
16 = (4, 2, 1) + (4, 1, 2). (21)
With respect to SU(4)× SUL(2)× SUR(2), the left - and right- handed quarks and leptons
of a given i-th generation are assigned as

 ur uy ub νe
dr dy db e


L(R)
≡ FL(R)1, (22)
FL(R)2 and FL(R)3 are likewise defined for the 2nd and 3rd generations. Note that their
transformation properties are FLi = (4, 2, 1) and FRi = (4, 1, 2) and that (FLi+FRi ) yields
the 16 of SO(10). Since (4, 2, 1) × (4, 1, 2) = (15, 2, 2) + (1, 2, 2), the Dirac masses for
quarks and leptons are generated when neutral components in a (1,2,2) multiplet in φ10,
(1,2,2) and (15,2,2) in φ120, and (15,2,2) in φ126 of SU(4) × SUL(2) × SUR(2) ⊂ SO(10)
develop nonvanishing expectation values. On the other hand, the (10, 3, 1) and (10, 1, 3) in
φ126 are responsible for the left- and the right- handed Majorana neutrino masses through
the Higgs-lepton-lepton interactions (10, 3, 1)(4, 2, 1)(4, 2, 1) and (10, 1, 3)(4, 1, 2)(4, 1, 2),
respectively. Here the (10, 3, 1) is the SUL(2) triplet Higgs (denoted by φ(10, 3, 1)) and the
(10, 3, 1) is the SUR(2) triplet Higgs (φ(10, 1, 3)).
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In the CCC version of the SO(10) model , the mass matrices Mu, Md, Me, MD, ML, and
MR, for up quarks, down quarks, charged leptons, Dirac neutrinos, left-handed Majorana
neutrinos, and right-handed Majorana neutrinos, respectively, are given, in the lowest tree
level, by
Mu = S
(10)〈φ1+〉+ A(120)(〈φ3+〉+
1
3
〈φ3′+〉) + S(126)
1
3
〈φ5+〉,
Md = S
(10)〈φ1−〉+ A(120)(−〈φ3−〉+
1
3
〈φ3′−〉)− S(126)
1
3
〈φ5−〉,
rMe = S
(10)〈φ1−〉+ A(120)(−〈φ3−〉 − 〈φ3′−〉) + S(126)〈φ5−〉, (23)
r′MD = S
(10)〈φ1+〉+ A(120)(〈φ3+〉 − 〈φ3′+〉)− S(126)〈φ5+〉,
sML = S
(126)〈φ(10, 3, 1)〉,
s′MR = S
(126)〈φ(10, 1, 3)〉,
where 〈φ1±〉 are the vacuum expectation values of the Higgs fields of φ10, 〈φ3±〉 and 〈φ3′±〉
of φ120, and 〈φ5±〉, 〈φ(10, 3, 1)〉 and 〈φ(10, 1, 3)〉 of φ126. See Ref [20] for details and the
notations. The matrices S(10) and S(126) are real symmetric matrices and A(120)is a pure
imaginary matrix. These matrices are the coupling-constant matrices which appear in the
Yukawa coupling of fermion fields with Higgs field , which is given by
2LY = S
(10)
ij (ψLi)
cφ10ψLj + A
(120)
ij (ψLi)
cφ120ψLj + S
(126)
ij (ψLi)
cφ126ψLj + (L↔ R) +H.c. (24)
The ψL(R)i are the 16 irreducible representations of the left- and right- handed fermion fields
in a given i’th generation. The property that S(10) and S(126) are symmetric and A(120) is
antisymmetric results from the decomposition 16× 16 = 10S + 120A + 126S, whereas the
property that S(10) and S(126) are real and A(120) is pure imaginary is a consequence of their
being Hermitian, which in turn comes from the requirement of the invariance of LY under
the discrete symmetry ψL ↔ ψcR [20]. In Eq.(23), the factors r ≃ (2 ∼ 3), r′, s and s′
, all roughly of order unity, are the renormarization-group-equation factors [24] [19] which
arise from the differences in the renormalization of the lepton and quark masses due to the
color quantum numbers of the quarks and so on. The overall factor comes from the loop
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correction of gauge boson in the renormalization group equation. Exactly we should consider
the evolution equation of Yukawa coupling and in this case mass matrices gets renormalized
in somewhat different form. Therefore, this form is an approximation. In this point we will
also discuss in the last section.
We now make the following assumptions.
(i) The contribution from 120 is assumed to be small compared with the contributions
from 10 and 126, and hence it is neglected in Mu andMD. On the other hand, it is retained
in Md and Me, for the main term S
(10)〈φ1−〉 is smaller by the factor α = 〈φ1−〉/〈φ1+〉, which is
of order of (mb/mt) [see Eq.(27)]. This is an assumption for simplicity in order to incorporate
Eq.(6)
(ii) All the vacuum expectation values of Higgs fields are assumed to be real so that all
the fermion mass matrices are Hermitian.
With these assumptions, Eqs. (24) becomes
Mu = S + ǫS
′,
Md = αS + S
′ + A′ = αMu + A
′ − (αǫ− 1)S ′,
rMe = αS − 3S ′ + δA′ = αMu + δA′ − (αǫ+ 3)S ′, (25)
r′MD = S − 3ǫS ′,
sML = βS
′,
s′MR = γS
′.
where the matrices S, S ′ and A′ and the real parameters α, β, γ and δ are defined by
S = S(10)〈φ1+〉, S ′ = S(126)(−
1
3
〈φ5−〉),
A′ = A(120)(−〈φ3−〉+
1
3
〈φ3′−〉), (26)
α = 〈φ1−〉/〈φ1+〉, β = 〈φ(10, 3, 1)〉/(−
1
3
〈φ5−〉),
γ = 〈φ(10, 1, 3)〉/(−1
3
〈φ5−〉), δ = (〈φ3−〉+ 〈φ3′−〉)/(〈φ3−〉 −
1
3
〈φ3′−〉).
Note that solving diagonal elements of Eq.(25) for α, one finds
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α =
3TrMd + rTrMe
3TrMu + r′TrMD
≃ mb
mt
, (27)
which is about 0.02. As mentioned already, this is why the A(120) and S(126) terms are kept
in Md and Me. The Eq.(25) is our SO(10)-motivated model for fermion mass matrices.
B. The case of SO(10) breaking down to SU(5)
In this case, the fermion masses are also generated when the Higgs fields of 10, and 120,
and 126 dimensional SO(10) representation (denoted by φ10, φ120, and φ126, respectively)
develop nonvanishing expectation values. Their decomposition under SU(5) are given by
10 = 5 + 5,
120 = 5 + 5+ 10+ 10+ 45+ 45, (28)
126 = 1 + 5+ 10+ 15+ 45+ 50.
The yukawa couplings in LY gives the following fermion masses when the neutral components
in a 5 and 5 Higgs multiplets in φ10, 5, 5, 45, and 45 in φ120, and 1, 5, 15, and 45 in φ126
of SU(5) ⊂ SO(10) develop nonvanishing expectation values. [25] [23]
S
(10)
ij (ψLi)
cφ10ψLj → S(10)ij {〈φ10(5)〉(uR,iuL,j + ν ′R,iνL,j) + 〈φ10(5)〉(dR,idL,j + eR,ieL,j)},
A
(120)
ij (ψLi)
cφ120ψLj → A(120)ij {〈φ120(5)〉(dR,idL,j + eR,ieL,j)
+〈φ120(45)〉(dR,idL,j − 3eR,ieL,j) + 〈φ120(5)〉ν ′R,iνL,j
+〈φ120(45)〉uR,iuL,j},
S
(126)
ij (ψLi)
cφ126ψLj , → S(126)ij {〈φ126(5)〉(uR,iuL,j − 3νR,iνL,j)
+〈φ126(45)〉(dR,idL,j − 3eR,ieL,j) + 〈φ126(1)〉ν ′cR,iν ′R,j
+〈φ126(15)〉νcL,iνL,j},
(29)
Therefore, the mass matrices Mu, Md, Me, MD, ML, and MR, for up quarks, down quarks,
charged leptons, Dirac neutrinos, left-handed Majorana neutrinos, and right-handed Majo-
rana neutrinos, respectively, are given by
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Mu = S
(10)〈φ10(5)〉+ A(120)〈φ120(45)〉+ S(126)〈φ126(5)〉,
Md = S
(10)〈φ10(5)〉+ A(120)(〈φ120(5)〉+ 〈φ120(45)〉) + S(126)〈φ126(45)〉,
rMe = S
(10)〈φ10(5)〉+ A(120)(〈φ120(5)〉 − 3〈φ120(45))− 3S(126)〈φ126(45)〉, (30)
r′MD = S
(10)〈φ10(5)〉+ A(120)〈φ120(5)〉 − 3S(126)〈φ126(5)〉,
sML = S
(126)〈φ126(15)〉,
s′MR = S
(126)〈φ126(1)〉,
These mass matrices reduce to the same form as Eq.(25) by assuming again that the con-
tributions from 120 Higgs in Mu and MD are negligible and by defining the matrices S, S
′,
and A′ and the real parameters α, β, γ, and δ , instead of Eq.(26), as
S = S(10)〈φ10(5)〉, S ′ = S(126)〈φ126(45)〉,
A′ = A(120)(〈φ120(5)〉+ 〈φ120(45)〉),
α = 〈φ10(5)〉/〈φ10(5)〉, β = 〈φ126(15)〉/〈φ126(45)〉, (31)
γ = 〈φ126(1)〉/〈φ126(45)〉,
δ = (〈φ120(5)〉 − 3〈φ120(45))/(〈φ120(5)〉+ 〈φ120(45)〉),
Thus, Eq.(25) is our SO(10)-motivated model for fermion mass matrices both for the two
SO(10) breaking patterns (i) and (ii) in Eq.(19).
IV. FOUR TEXTURE ZERO MODEL IN SO(10)
The SO(10) model Eq.(25) is now combined with the four texture zero ansatzae for Mu,
Md and Me which are given by Eq.(6).
First it follows from Eq.(25) that S, S ′ and A′ are represented in terms of the symmetric
(antisymmetric) parts, Msym (Mantisym), of Mu, Md and Me;
(1− αǫ)S = (Mu)sym − ǫ(Md)sym,
S ′ =
1
4
{(Md)sym − r(Me)sym}, (32)
A′ = (Md)antisym.
13
We also find the constraints
(1− αǫ)r(Me)sym = 4α(Mu)sym − (3 + αǫ)(Md)sym,
δ(Md)antisym = r(Me)antisym. (33)
Using the four texture zero ansatzae for Mu, Md and Me given by Eq.(6), the respective
elements of Eq.(33) become
(1− αǫ)rAe cos β12 = 4αAu − (3 + αǫ)Ad cosα12,
(1− αǫ)rBe = 4αBu − (3 + αǫ)Bd,
(1− αǫ)rCe cos β23 = 4αCu − (3 + αǫ)Cd cosα23,
(1− αǫ)rDe = 4αDu − (3 + αǫ)Dd, (34)
δAd sinα12 = rAe sin β12,
δCd sinα23 = rCe sin β23.
In Eq.(34) there are six equations and eight unknown parameters, namely α, ǫ, δ, α12, α23,
β12, β23 and r provided that Au, Bu,...,De are given. In the following, we treat cosα12 and
r as free parameters so that all the other parameters are functions of them. Here we treat r
as a free parameter too, although we know r ≃ (2 ∼ 3). Let us present the following useful
expressions which are derived from Eq(34):
cos β12 =
(
BeDd −DeBd
BuDd −DuBd
)(
Au
Ae
)
−
(
BeDu −DeBu
BuDd −DuBd
)(
Ad
Ae
)
cosα12,
cos β23 =
(
BeDd −DeBd
BuDd −DuBd
)(
Cu
Ce
)
−
(
BeDu −DeBu
BuDd −DuBd
)(
Cd
Ce
)
cosα23,
sin β23
sinα23
=
(
AeCd
AdCe
)
sin β12
sinα12
,
α =
r
(
BeDd−DeBd
BuDd−DuBd
)
r
(
BeDu−DeBu
BuDd−DuBd
)
+ 1
, ǫ =
r
(
BeDu−DeBu
BuDd−DuBd
)
− 3
r
(
BeDd−DeBd
BuDd−DuBd
) , δ = r (Ae
Ad
)
sin β12
sinα12
. (35)
Now we discuss the MNS lepton mixing matrix and neutrino masses. The light Majorana
neutrino mass matrixMν is given by Eq.(3), where the Dirac neutrino, left- and right- handed
Majorana neutrino mass matrices MD, ML, and MR are expressed in terms of the entries
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of the quarks and charged lepton mass matrices due to the SO(10) constraints and their
expressions are given, from Eqs.(25) and (32), by
r′MD = S − 3ǫS ′ =


0 AD 0
AD BD CD
0 CD DD


,
sML = βS
′ = β


0 AS′ 0
AS′ BS′ CS′
0 CS′ DS′


, (36)
s′MR = γS
′ = γ


0 AS′ 0
AS′ BS′ CS′
0 CS′ DS′


,
where the elements AD, BD, CD, CD, AS′, BS′, CS′, and CS′ are obtained as
AD = Au − ǫ(Ad cosα12 − rAe cos β12),
BD = Bu − ǫ(Bd − rBe),
CD = Cu − ǫ(Cd cosα23 − rCe cos β23), (37)
DD = Du − ǫ(Dd − rDe),
and
AS′ =
1
4
(Ad cosα12 − rAe cos β12),
BS′ =
1
4
(Bd − rBe),
CS′ =
1
4
(Cd cosα23 − rCe cos β23), (38)
DS′ =
1
4
(Dd − rDe).
In the following analysis, we assume that the contribution of ML to Mν in Eq. (3) is
much smaller than that of the second term so that we have Mν = ML − MTDM−1R MD ≃
−MTDM−1R MD. Then, all the components Aν , Bν , Cν , and Dν in Eq.(6) are determined,
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from Eqs.(36), (37), and (38), as functions of cosα12 and r except for the common overall
factor s′/(r′2γ) as.
Mν =


0 Aν 0
Aν Bν Cν
0 Cν Dν


= −s′/(r′2γ)


0 AD 0
AD BD CD
0 CD DD




0 AS′ 0
AS′ BS′ CS′
0 CS′ DS′


−1
0 AD 0
AD BD CD
0 CD DD


, (39)
Aν = − s
′
r′2γ
(
A2D
AS′
)
,
Bν = − s
′
r′2γ
{
AD BD
AS′
+ CD
(
CD
DS′
− AD CS′
AS′ DS′
)
+AD
(
BD
AS′
− CD CS′
AS′ DS′
− AD (− CS′
2 +BS′ DS′)
AS′
2 DS′
)}
,
Cν = − s
′
r′2γ
{
AD CD
AS′
+DD
(
CD
DS′
− AD CS′
AS′ DS′
)}
,
Dν = − s
′
r′2γ
(
DD
2
DS′
)
. (40)
Therefore, the neutrino mass ratios m1/m2 and m2/m3 and hence MNS lepton mixing
matrix elements are also determined as functions of cosα12 and r . The common overall
factor s′/(r′2γ) is determined by the ∆m2 data from neutrino oscillation experiments. The
light Majorana neutrino masses are obtained by diagonalizing Mν as
OTν


0 Aν 0
Aν Bν Cν
0 Cν Dν


Oν =


m1 0 0
0 m2 0
0 0 m3


. (41)
For the case in which Bν , Cν , Dν ≫ Aν is satisfied, the neutrino masses are approximately
expressed in terms of Aν , Bν , Cν , and Dν as
m1 ≃ − DνA
2
ν
BνDν − C2ν
,
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m2 ≃ 1
2
{Bν +Dν −
√
(Bν +Dν)2 − 4(BνDν − C2ν)}
+
D2ν + C
2
ν − 12Dν{Bν +Dν −
√
(Bν +Dν)2 − 4(BνDν − C2ν )}
(BνDν − C2ν )
√
(Bν +Dν)2 − 4(BνDν − C2ν )
A2ν , (42)
m3 ≃ 1
2
{Bν +Dν +
√
(Bν +Dν)2 − 4(BνDν − C2ν )}.
− D
2
ν + C
2
ν − 12Dν{Bν +Dν +
√
(Bν +Dν)2 − 4(BνDν − C2ν)}
(BνDν − C2ν)
√
(Bν +Dν)2 − 4(BνDν − C2ν )
A2ν .
The orthogonal matrices Oν which diagonalizesMν are expressed in terms of the diagonalized
masses m1, m2, and m3 and the matrix components Aν , Bν , Cν , and Dν as [14]
Oν =


Aν
m1
(Oν)21
Aν
m2
(Oν)22
Aν
m3
(Oν)23
(Oν)21 (Oν)22 (Oν)23
Cν
m1−Dν
(Oν)21
Cν
m2−Dν
(Oν)22
Cν
m3−Dν
(Oν)23


, (43)
with
(Oν)
2
21 =
1
(Aν
m1
)2 + 1 + ( Cν
m1−Dν
)2
,
(Oν)
2
22 =
1
(Aν
m2
)2 + 1 + ( Cν
m2−Dν
)2
, (44)
(Oν)
2
23 =
1
(Aν
m3
)2 + 1 + ( Cν
m3−Dν
)2
.
It should be remarked that the light neutrino mass matrix Mν itself is out of type I via the
seesaw mechanism and that the MNS lepton mixing matrix is obtained from Eqs. (43) and
(17). Since Oe is almost diagonal, the magnitudes of off-diagonal elements are predominated
by Eq.(44). Thus the seesaw mechanism changes the form of lepton mixing matrix from that
of CKM matrix given by Eq.(16).
Now, by changing the values of the free parameters in our model, we proceed to find the
solutions which are consistent with the recent following findings that (i) the atmospheric
neutrino oscillation experiment indicates the νµ-ντ large mixing (0.28 <∼ |U23| <∼ 0.72 [26])
with ∆m223 = m
2
3 − m22 = (1.5 ∼ 6) × 10−3 ≃ 3.5 × 10−3eV2 , and (ii) the solar neutrino
experiments imply the MSW small mixing angle solution [27] with ∆m212 = m
2
2−m21 = (4 ∼
10)× 10−6eV2 and sin2 2θ12 = (2 ∼ 10)× 10−3, or the large mixing angle solution [27] with
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∆m212 = m
2
2−m21 ≃ (8 ∼ 30)× 10−6eV2 and sin2 2θ12 = (0.5 ∼ 1). In the following analysis,
we transform Ae, Be, Ce, and De in Eq.(6) into −Ae, −Be, −Ce, and −De , respectively by
rephasing of the right-handed charged lepton fields.
First assuming that the mass matrices Mu, Md and Me are all of type I, we calculate
numerically the MNS lepton mixing matrix U using the central values for the running quarks
and charged leptons masses at µ = mZ [28]:
mu(mZ) = 2.33
+0.42
−0.45MeV, mc(mZ) = 677
+56
−61MeV, mt(mZ) = 181± 13GeV,
md(mZ) = 4.69
+0.60
−0.66MeV, ms(mZ) = 93.4
+11.8
−13.0MeV, mb(mZ) = 3.00± 0.11GeV,
me(mZ) = 0.487MeV, mµ(mZ) = 103MeV, mτ (mZ) = 1.75GeV.
(45)
Since the recent atmospheric neutrino oscillation data indicates large value of (2,3) element
of U , (0.28 <∼ |U23| <∼ 0.72 [26]), we obtain the allowed region of the parameters space, cosα12
vs r space which reproduces a large |U23|. The result is given in Fig. 1. In this allowed
parameter region, r ≃ 3 is automatically satisfied without any fine tuning. However, we
have a serious problem that in this allowed parameter space we cannot accommodate the
overall factor s′/(r′2γ) simultaneously to the data ∆m212 = m
2
2 − m21 <∼ 10−4eV2 (Here we
have adopted a rather conservative value. We accept more restrictive ones later.) from
solar neutrino oscillation experiments and the data ∆m223 = m
2
3 −m22 ≃ 3.5× 10−3eV2 from
atmospheric neutrino oscillation experiments. Taking deviations from the central values
[28] for quarks and charged leptons masses does not resolve this problem. This difficulty is
resolved by abandoning the above assumption that the mass matrices Mu, Md and Me are
all of type I. Let us assume that Me deviates from type I although Mu and Md are of type
I. Then, we can accommodate the overall factor s′/(r′2γ) simultaneously to both ∆m2 data
from solar and atmospheric neutrino oscillation experiments.
Next we discuss this new scenario and show that there are solutions consistent with the
data. First we represent the deviation from type I as Be = mµ(1 + ξ). In this case, the
entries of the mass matrix Me for charged leptons in Eq.(6) are given, in the unit of eV, as
Ae =
√
memµmτ
mτ − ξ mµ −me ≃ 7.1× 10
6,
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Be = (1 + ξ)mµ ≃ 1.02× 108(1 + ξ),
Ce =
√√√√(me + ξ mµ) (mτ − (1 + ξ) mµ −me)
(
mτ − ξ mµ
mτ − ξ mµ −me
)
≃
√
8.1× 1014 + 1.7× 1017ξ,
De = −me − ξ mµ +mτ ≃ 7.1× 109, (46)
and the expressions for ǫ, α and the elements of the matrices S and S ′ are given by
ǫ ≃ −(−r(1 + ξ)mµ + 3ms)mt −mc(3mb − rmτ )
r((1 + ξ)mbmµ −msmτ ) ,
α ≃ − r((1 + ξ)mbmµ − (1 + ξ)mdmµ −msmτ )
mbmc + (−rmµ − rξmµ −ms)mt −mc(md − rmτ ) ,
S12 ≃ ((rmµ +ms)( cosα12√mdms(−3mbmc − r(1 + ξ)mµmt) +
cosα12
√
mdms(3msmt + rmcmτ )− r(−mbmµ +msmτ )√mcmu))/
(4rms(mbmµ −msmτ )),
S22 ≃ −(−rmµ −ms)(−r(1 + ξ)mµ + 3ms)mt
4r(mbmµ −msmτ ) ,
S23 ≃ (− cosα23√mbmd(−rmµ −ms)mt
(−3mbmc − r(1 + ξ)mµmt + 3msmt + rmcmτ )−
r(−rmµ −ms)mt((1 + ξ)mbmµ −msmτ )√mtmu)/
(r2mτ (mbmcmµ +ms(ξmµmt −mcmτ ))−
r(3mb
2mcmµ + 4ms
2mtmτ −mbms((4 + ξ)mµmt + 3mcmτ ))),
S33 ≃ −(−rmµ −ms)mt(3mb − rmτ )
4r(mbmµ −msmτ ) ,
S ′12 ≃
( cosα12
√
mdms(rmµ +ms)mt − r(mbmµ −msmτ )√mcmu)
4msmt
,
S ′22 ≃
1
4
(rmµ +ms),
S ′23 ≃ −
(
cosα23
√
mbmd +
r(mbmµ −msmτ )mu
(−rmµ −ms)√mtmu
)/
(
− 1 + (mbmµ −msmτ )((−r(1 + ξ)mµ + 3ms)mt −mc(3mb − rmτ ))
(−rmµ −ms)mt((1 + ξ)mbmµ −msmτ )
)
,
S ′33 ≃
1
4
(mb −md + rmτ ). (47)
The point r ≃ 3 is rather singular in the following sense. As is seen from Eq.(35), ǫ becomes
small at r ≃ 3, hence we can not neglect ξ in this region. That is, ǫ is sensitive to small ξ.
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For instance, substituting Eq.(47) into Eqs.(25) we obtain MD and MR and therefore Mν
through Eq.(39). The behaviors of the elements in the neutrino mass matrixMν are depicted
in Fig.2. The large νµ-ντ neutrino mixing appears under the condition that Bν ≃ Dν which
is realized at ξ ≃ 0.02. By changing ξ freely with fixed r(= 3), we can well reproduce the
experimental data as shown in Figs. 3-5, in which the constraints from |U23|, ∆m212/∆m223,
and the both are satisfied, respectively. It is seen from Fig. 5 that by deviating Be a little bit
from type I (ξ ∼ 0.01), we can well reproduce the experimental data for the solar neutrino
oscillation and atmospheric neutrino deficit. If we relax the condition r = 3 and change r
freely as well as cosα12 and ξ around the values of the above solutions, we have the larger
allowed region as is shown in Fig. 6. In the above allowed regions shown in Figs. 1-5, we have
used only the conservative condition for ∆m212 from the solar neutrino experiments, that is,
we have not used the constraints of the mixing angle from the solar neutrino oscillation
experiments. When we take them into account in addition to the constraints from ∆m212, we
obtain more restrictive allowed region than that of Fig. 6. Under the condition of the small
mixing angle solution for solar neutrino experiments, the larger region of | cosα12| in Fig. 6
is eliminated and we have the allowed region as is shown in Fig. 7. On the other hand, under
the condition of the large mixing angle solution, the smaller region of | cosα12| is eliminated
and the allowed region is given in Fig. 8. It should be noted that as seen in Figs. 6-8 our
model not only satisfies the experimental observations in the lepton sector but also provides
the restriction on the CP violation phase, cosα12, from the neutrino oscillation experiments.
Of course, we can also restrict the other CP violation phases, cosα23, cos β12 and cos β23,
which are respectively depicted in Fig.9-11. Also it follows from Eq. (39) that the neutrino
mass ratios |m1/m2| and |m2/m3| become sensitive functions of ξ, as are shown in Fig.12
taking typical values of r and cosα12. The common overall factor s
′/(r′2γ) in Eq.(39) is
determined to be of order 10−13 by the ∆m2 data from the solar and atmospheric neutrino
oscillation experiments.
Finally we discuss the entries of the CKM quark mixing matrix which are given by
Eqs.(16) with (35). In our model, all the elements of the CKM mixing matrix are also
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functions of two free parameters cosα12 and ξ. The parameters determined so far from the
lepton sector do not give rise any inconsistency with the data in quark sector.
V. SUMMARY
In this paper we have presented and discussed a model of texture four zero quark-lepton
mass matrices in the context of SO(10). The consistent fitting of the free parameters to
the data for neutrino oscillation experiments has forced us to use the charged lepton mass
matrix which slightly deviates from purely type I form (ξ ∼ 0.01). Using this deviated type
of mass matrix for the charged leptons and the mass matrices for quarks of type I, we have
been able to reproduce four entries in the CKM quark mixing matrix and to predict six
entries in the MNS lepton mixing matrix and three Majorana neutrino masses which are
consistent with the experimental data. The model has also given the restrictions on the CP
violating phases which came from the neutrino oscillation experiments. Remarkably enough
the parameter r fixed from data fitting is coincident with the value r ≃ (2 ∼ 3) obtained
from the renormalization equation [24]. So it is attractive to expect that the above deviation
(ξ ∼ 0.01) from type I form can be obtained by taking the evolution equation of Yukawa
coupling fully. (In this paper we have considered the loop correction of gauge boson in the
evolution equation.) Though the detail calculations will be developed in the forthcoming
paper, we will roughly outline our idea. That is, (charged lepton) mass matrix is exactly of
type I at some scale. However, they change their form due to the evolutionary equation of
the Yukawa coupling Ya until the corresponding Higgs field acquires the vacuum expectation
value [28]
dYa
dt
=
1
16π2
(T f −Gf +Hf) (48)
where T f , Gf , Hf are the vertex corrections due to the fermion, the gauge boson and the
Higgs boson, respectively. After that, each mass furthermore changes its value according
to the mass renormalization equation. The evolution equation of Yukawa coupling is very
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sensitive to the Higgs potentials and the initial conditions. One such sensitivity has been
found in the behavior of ξ. The detail will be given in the forthcoming paper.
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FIGURES
FIG. 1. The case whereMu,Md, andMe are all of purely type I is analyzed. The experimental
constraint on |U23| ( 0.28 ≤ |U23|2 ≤ 0.72 ) gives the allowed region (shaded area) in the cosα12-r
plane. Here the r is treated as a free parameter.
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FIG. 2. The slight deviation from type I (ξ 6= 0) makes physical parameters change drastically .
The dotted lines (solid lines) show the ξ dependence for cosα23 ≥ 0 (cosα23 ≤ 0) in each diagram.
All lines terminate at the points from where | cosα23| ≥ 1 or | cos β23| ≥ 1 as will be seen from Fig.9
and Fig.11. (a) The diagram of the elements in the neutrino mass matrix Mν versus ξ. Except for
|Cν(r′2γ/s′)| the dotted lines are overlapped with the corresponding solid lines. (b) The diagram
of the neutrino mass eigen values versus ξ. (c) The MNS mixing matrices versus ξ.
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FIG. 3. The experimental constraint on |U23| ( 0.28 ≤ |U23|2 ≤ 0.72 ) gives the allowed region
(dotted area) in the cosα12-ξ plane.
FIG. 4. The allowed region in the cosα12 - ξ plane from the experimental constraints
∆m212/∆m
2
23 ≤ (1× 10−4)/(3.5 × 10−3) = 2.9× 10−2.
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FIG. 5. The allowed region in the cosα12 - ξ plane from the experimental constraints
0.28 ≤ |U23|2 ≤ 0.72 and ∆m212/∆m223 ≤ 2.9× 10−2.
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FIG. 6. The r is treated as a free parameter. (a) shows the allowed region in the cosα12 - r
- ξ space from the experimental constraints 0.28 ≤ |U23|2 ≤ 0.72 and ∆m212/∆m223 ≤ 2.9 × 10−2.
(b), (c) and (d) show the projected allowed regions in the cosα12-ξ, ξ-r, and cosα12-r planes,
respectively.
FIG. 7. The allowed region in the cosα12-r-ξ space from the experimental constraints
0.28 ≤ |U23|2 ≤ 0.72, the small mixing angle solution of the solar neutrino experiments
(sin2 2θ12 = (2 ∼ 10) × 10−3), and the up-to-date value of mass difference ∆m212/∆m223 =
((4 ∼ 10) × 10−6)/((1.5 ∼ 6)× 10−3) = (0.67 ∼ 6.7) × 10−3.
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FIG. 8. The allowed region in the cosα12-r-ξ space from the experimental con-
straints 0.28 ≤ |U23|2 ≤ 0.72, the large mixing angle solution of the solar neutrino exper-
iments sin2 2θ12 = (0.5 ∼ 1), and the up-to-date value of mass difference ∆m212/∆m223 =
((8 ∼ 30) × 10−6)/((1.5 ∼ 6)× 10−3) = (0.13 ∼ 2.0) × 10−3.
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FIG. 9. The allowed region in the cosα23 - r - ξ space from the same constraints as in Fig.6.
31
FIG. 10. The allowed region in the cos β12 - r - ξ space from the same constraints as in Fig.6.
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FIG. 11. The allowed region in the cos β23 - r - ξ space from the same constraints as in Fig.6.
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FIG. 12. The dependence of log10 |m1/m2| (a) and log10 |m2/m3| (b) on ξ for cosα12 = 0.2
and r = 3. The dotted line (solid line) shows the ξ dependence for cosα23 ≥ 0 (cosα23 ≤ 0) in
each diagram. Both lines terminate at the points from where | cosα23| ≥ 1 or | cos β23| ≥ 1 as are
seen from Fig.9 and Fig.11. The singular behaviors of (a) and (b) come from those of m1 and m2
(see Fig.2).
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